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Abstract

The Davydov model for exciton—phonon coupling in hydrogen-bonded
molecular chains is reconsidered in the context of two-wave resonant
interaction. By applying a semi-discrete slowly varying envelope
approximation, when the physical problem is that of the long-distance evolution
of an input finite duration excitonic pulse, we derive an integrable limit model
which preserves the coupling nature of the process. The spectral transform is
constructed with emphasis on the complete characterization of the spectral data.
As an application, the localized one-soliton solution is explicitly constructed.
Then by using Darboux—Biécklund transformations, a non-local (or topological)
one-soliton solution is also derived. As a consequence, the system possess two
different soliton solutions where the phonon component is a localized pulse,
but where the exciton wave is either localized (bell shape) or topological (kink
shape). The resulting approximate soliton solutions of the Davydov model in
the resonant regime are subsonic in the localized case and supersonic in the
topological case. Finally, by expressing the Bianchi superposition theorem,
a nonlinear superposition formula is derived allowing for explicit two-soliton
solution.

PACS numbers: 63.20.Ls, 05.45.Yv

1. Introduction

The Davydov model [1], later modified and largely studied by Scott [2], describes the coupling
between excitons and phonons in a diatomic molecular chain. Well-known physical situations
where this model applies are the alpha helix proteins and the acetanilide molecule. They have
the common property of being constituted by one-dimensional chains of hydrogen-bonded
peptide groups, supporting the phonon wave, that can couple to excitations of the amide-I
(C=O0 stretching). In the Scott version, the amide-I couples only to the single adjacent
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hydrogen bond elongation while in the Davydov approach it is coupled to the two nearest
H-bonds.

The Davydov model of such a coupling results in the following system of coupled
equations [2, 3],

1han = [EO + W+ X(ﬁn+1 - ,Bn)]an - J(an+1 + anfl)
MBy = K (Buet = 2B, + Bu1) + x (anl® — lan-11?)

written here for a single chain. The state of the amide-I excitation is described by the
eigenfunction a,(¢#) solution of a time-dependent Schrodinger equation in the potential
But1 — PBn. The dynamical variable g, stands for the longitudinal displacement along the
chain, M is the mass of the peptide group, K is the spring constant of the hydrogen bond, E
is the energy of the amide-I and W is the total energy of the peptide group displacements.
The constant yx is the exciton—phonon coupling parameter and J measures the energy of the
dipole—dipole interaction of amide-I oscillations. An overdot stands for derivation with respect
to time 7.

Upon defining the new dimensionless time variable t = JT /h, and the adimensional
quantities

(1.1)

i X
v, =a, xp[T(Eo+W=200] Qi =2(Bm—B) (12)

Ty
JNIM

the system (1.1) becomes

10,W, + (Wyy =2V, +¥,_) = 0., (1.3)
07 Qu = V(Quet = 20u + Qu-t) = [Wurt|” = 21> + W, . (1.4)
The only remaining physical constant is the adimensional sound velocity
h K
V = 71)[, Up = M (15)

where v, denotes the phonon velocity in units of cells per second. Note that the coupling
parameter x enters now in the amplitude of W, (7).

Our basic system (1.3), (1.4) applies to a number of physically interesting phenomena
involving exciton—phonon or electron—phonon coupling [4, 5]. Moreover, interesting
numerical studies have been performed recently [6] where a kind of resonance phenomena has
been unveiled. We understand it here as a two-wave resonant interaction and then study the
properties of the system in the region of parameters where this resonance occurs. Note that
the continuous limit of the model (1.3), (1.4) is nothing but the Zakharov equation governing
the Langmuir—acoustic wave interaction in a plasma [7].

To be more precise, we are interested in the long-distance effect of the scattering of an

excitonic wave packet W, with resonant carrier frequency (see definition later) entering a
medium at n = 0 where coupling with the phonon wave is allowed for by the system (1.3),
(1.4). In particular, we shall derive the following limit system,
%uy +Uy = qu qy = 4(ul); (1.6)
where u and ¢ represent the slowly varying envelopes of the excitonic and of the phonon
waves, respectively, and where the variable s stands for a scaled retarded time varying on R,
and y for a scaled space extending on any finite support y € [0, L].

The above system was shown to be integrable in [8], where it was associated with a
3 x 3 first-order spectral problem of the Zakharov—Shabat type and solved with the traditional
Gel’fand-Levitan—Marchenko approach for potentials ¢ and u vanishing at large s. Soliton
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solutions vanishing at infinity were also obtained. Here, we reconsider the spectral transform
with two main objectives: first, the solution of the characterization problem for the spectral
data, and second, the solution of the inverse problem in terms of the Cauchy—Green solution
of a Riemann—Hilbert boundary-value problem.
To this end we found it convenient to consider the more general system of nonlinear
equations
i i

qy = 4(uv), Euy +Ugy = qu — Evy + vgy = qU (1.7)
which reduces to (1.6) for

V=1 geR (1.8)
and to relate it to the following mixed Schrodinger/Zakharov—Shabat system,

Prss + Q1 — g1 = —iug, P25 = VP (1.9)

which, in the reduced case, is equivalent to the spectral problem used in [8].

We solve then the direct and inverse spectral problem and derive the soliton solution in
the space of functions ¢, u and v vanishing at large s. In the reduced case (1.8), this solution
will be shown to be (note that u is defined up to an arbitrary constant phase)

u(y.s) = W28 e ATy (1.10)
’ cosh(ns — 4¢ny) '
_2,72

coshz(ns —4¢ny)

q(y,s) = (1.11)

where 1 and ¢ are the soliton parameters (real valued and with ¢ > 0). We recover with this
expression the soliton solution found in [8].

However, this is not the only admissible soliton solution of the system and, by constructing
the Darboux—Bicklund transformation, we obtain a one-soliton solution with g vanishing at
large s, but with u and v non-vanishing at large s. In the reduced case (1.8) it reads

u(y, s) = /2¢[i¢ — ntanh(ns +4¢ny)] (1.12)
_2,’2

_ 1.13
cosh®(ns +4¢ny) ( )

q(y,s) =

with again real-valued parameters n and ¢ > 0. Note that these two solitons differ not only in
their topological properties but also in their direction of propagation as indeed the parameter
¢ is positive in both cases.

Returning to the physical quantities, these solitons provide the following approximate
solutions of the original system. In the case of a localized soliton, the approximate solution
reads

12
A 2/cosk;

W, (1) = ey, or ( siflol: ) cosh Z,,(t) (119
0.(1) = o (1.15)
" cosh? Z, (1) ’

4 _ony ong
Zn(1) = J/cosk, (t V) sink, (n = o) (1.16)
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where the initial position 7n( is arbitrary and the resonant wave number k, is defined in
(2.6) by V = 2sink, while the resonant frequency results from the dispersion relation
o, = 2(1 — cosk,). Note that the velocity of the pulse is given by

~1
o=V (1 +§«/cosk,)

sin k,

(1.17)

which means a subsonic solitary wave (v < V). Indeed, as discussed later the parameter ¢ is
a small (positive) quantity, and the value of &, is close to, and less than 7 /2.
Next, in the case of non-localized solution u(y, s) the approximate solution reads

1/2
W, (1) = elbn—ony /g (27‘51‘;0]fk> [ic — ntanh X, (1)] (1.18)
04(1) = o (1.19)
"7 cosh? X, (1) ’
__nv_oony_omg o
Xalt) = o (r v> + g =) (1.20)

which is a supersonic solitary wave as indeed

-1
oV (1 _g«/cosk,) .

sin k,

(1.21)

These expressions are approximate solutions to the Davydov system in the precise sense given
in (2.30). Their role in a given physical context is reported in future work.

2. Resonant interaction, integrable limit

2.1. Two-wave resonant process

Following [9, 10], two-wave resonant interaction can be understood as a three-wave interaction
between two excitonic waves (wy, k1), (w2, k»), and one phonon wave (€2, K) in the limit
K — 0 for which k; — k. From the selection rules of the three-wave process

ki —ky =K w(ki) — w(ky) = Q(K) 2.1

we can write

wk) —wk) _ Q(K)

p— X 2.2)
which in the limit K — 0, thatis k; — k», leads to the two-wave resonant interaction criterion
where we have defined the resonant wave number &k, = k| = k».

A carrier wave exp[i(kn — wt)] leads to the linear dispersion relation of (1.3)
w(k) =2(1 — cosk) 2.4)
while the phonon wave dispersion relation reads
Q*(K) =2V?(1 — cos K). (2.5)

The solution &, € [0, 7] of the resonant condition (2.3) determines the value of the resonant
frequency w (k) = w, of the exciton wave and we get from the above dispersion relations

sink, = 1V o, = 2(1 — cosk,). (2.6)
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We expect this resonance to be a candidate for the interpretation of the anomalous absorption

band at 1650 cm™! discovered in crystalline acetanilide [11]. In such a situation the amide-I

lies at Eq/hc = 1665 cm™', hence the shift dE is of order 15 cm~!. Returning to the physical

time, the resonant frequency w, gives the energy dE = hw, which in cm~! reads
J

~ he

(c is the velocity of light in cm s~ and hence J' is nothing but J read in cm™'). Recent

experiments have demonstrated that, as conjectured before, the anomalous absorption band is

indeed resulting from a nonlinear process as the anomalous peak is strongly anharmonic [12].

The wave number k, is given by equation (2.6), namely from (1.5) by
Up

drel’”

Using numerical values (v, results from the measurements of the velocity of sound in [13])

we obtain, by solving the system (2.7), (2.8) for {J, k. },

v, =373 x 10'° sl} {k, =130

dE = 2J'(1 — cosk,) J' 2.7)

1

sink, = (2.8)

2.
dE =15cm™! J' =103 cm™! 2.9)
and thus J lies in a reasonable range (see e.g. [2, p 16]).

As a consequence, the above two-wave interaction process will take place for a value of
the resonant wave number &, ~ 1.3, which lies around the centre of the Brillouin zone. This
fact forbids the use of the continuous limit approximation for the exciton wavefunction W,
and we shall proceed now with a semi-discrete slowly varying envelope approximation in the
spirit of [14]. In all what follows we shall assume then

b4
ky < = 2.10
<3 (2.10)
as the value 7 /2 gives rise to singularities (for which a particular treatment would be required).

2.2. Modellization of the scattering process

The process we are interested in is the long-distance effect of the scattering of an excitonic
wave packet W, with carrier frequency o, (and wave number k, ), entering a medium at n = 0
where coupling with the phonon wave is allowed for. The model under consideration is the
Davydov system (1.3), (1.4) and, based on the arguments of [15], the wave packet to consider
is

W, (1) = f do U (w) el®n =) (2.11)
where the wave number is expanded in terms of the frequency as
W= w, +€v k:k,+e%+62Rv2+---. (2.12)
We have from (2.4) and (2.6)
2
V= % . = % k,. (2.13)

Note that the group velocity at resonance V is given in (2.6) and is nothing but the adimensional
phonon velocity. Note also that the dispersion coefficient R is given, for sink, > 0, by the
expression

cos k,

R=— 0T
4 sin3 k,

(2.14)

resulting from (2.4).
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The small parameter € measures the departure of @ from the resonant frequency w,. The
above wave packet can then be written as

W, (1) = " (6, 7) (2.15)
with the small-amplitude slowly varying modulation f in the frame
n 2
=elt——= =€n. 2.16
T=¢€ ( V) E=¢n ( )

This frame indicates that we consider long (e ~2) distance effects in the retarded slow (e ') time
allowing the input disturbance enough time to reach the observer, which indeed corresponds
to the scattering of a wave packet.

2.3. Asymptotic model

Resulting from these general considerations, we seek now a solution of the system (1.3), (1.4)
under the following form:

oo
(1) = 2 bt Y el fOE 7 (2.17)

J=1

Q. =€) gV ). 2.18)

j=1

Note that the envelope of the exciton wave is continuous but the carrier is kept discrete. Note
also the relative scaling between W, and Q, which results from a balance in the coupling
terms of the model.

We consider the above expansions for W, and Q,, up to the order €’/? and €, respectively,
ie.

2
; : em m
\Iln+m — 63/2 e1k,.(n+m)—1w,t |:<1 _ v 81- +62m85 +62 aZ) f(l)

2v2 T
. (1 _ e%at) @ +ezf(3)i| + 0@ (2.19)
2 2 3
2 m 2 LY 3m 3 M 3\ ()
Qn+m—€ <1—€V81—+€ m85+€ 2—‘/28.[—6 781—8&:—6 m ‘[)q

2
m m
+é (1 — e 0 + e md; +62m83) q?

s (1 — e%a,> g® + 59D 1+ 0(). (2.20)

By inserting these expressions into (1.3) we obtain at the order € the dispersion relation
(2.4), at the order /2 the resonant condition (2.3) and finally at the order ¢’/?
cosk,

2isin k,«fé + 7

Jre=qf (2.21)
where we have defined

f=rY¢n1 qg=qVE 7). (2.22)
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Next, the phonon equation at the order €’ leads to the equation
1 2

st = 713 (1f1)re- (2.23)
It is worth remarking that such a limit works because of the resonant condition (2.3),
sink, = V/2. This can then be thought of as a result of the requirement of a constructive
interaction of fields of structure (2.17), (2.18). Indeed, examination of the lowest orders in €
in the equation for the phonons, for slow variables as in (2.16) but with the group velocity v,
instead of V, would lead precisely to the resonant criterion v, = V.

In summary, upon integration of (2.23), we have obtained the following system:

cosk, 1
—~z e =af g: = 2—‘,3(|f|2)f. (2.24)

As expected, this system is invariant under the reverse transformation of field and variables
that gets rid of the small parameter €, namely

T — re! £ — Ee? f— fe3? g — qe 2. (2.25)
The above step can actually be used as a means to check the relative scaling. Then the system
(2.24) will be considered from now on as written in the physical (still adimensional) world.
Finally, the constants that still appear in (2.24) can be scaled off by the change of variables,
remember (2.10),

5 v s = L (3mk N (2.26)
= s = uly,s) = — | ——— T .
Y 4sink, J/cosk, y V \2./cosk,

for which it reads as announced in the introduction, namely

1
Sy s = qu qy = 4(lu?);. 2.27)

2isink, f¢ +

It is worth remembering that u(y, s) represents the envelope of the excitonic wave while
q(y, s) stands for the envelope of the phonon wave where the time s takes values on the real
line and where the space y lies on any given finite interval.

2.4. Approximate solutions

From the preceding various changes of variables, we may now transform the one-soliton
solution, for instance (1.12), (1.13), to the corresponding fields in the physical space. The
approximate solution (1.18), (1.19) represents then the first terms in expansions (2.17) and
(2.18). Hence the value of Q, (¢) has a precision O(e?) while W, (1) holds to O(e%/?).

The value of € is specified by the choice of the boundary value W(¢) as a measure of
the relative variations of phase of the envelope versus the carrier. For instance, in expression
(1.18) for W¥,,, we receive

e~ (2.28)

which does fit the scaling of time in (2.16) and moreover, is consistent with the amplitude €
of the dominant term in Q,,. Looking then at the spatial dependence in (2.16) we obtain

e ~et = C~e (2.29)
which again is consistent with the amplitude €3/
To summarize, we thus may write

12
A NI A
W, (1) = ebn—ony /or (—.C"ks ) lig — ntanh X,,(t) + O()]
Sin

r

of the dominant term in W,,.

(2.30)
2

n 3
——+0
cosh® X, (1) )

Qn(t) =
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where the argument X, (7) is defined in (1.20). The same relations hold also for the local
approximate solution (1.14 ), (1.15).

3. The inverse spectral transform

3.1. Boundary-value problem

We are interested here in the evolution along N molecules of a chain, i.e. y € [0, L], of a signal
sent in n = 0. In other words we assume the following data,

teR:{W(1), Qo(®)} (3.1
which map through the change of variables to
s € R:{u(0,s) =uo(s), q0,s) =qols)}. 3.2)

The method of the inverse spectral (scattering) transform (IST) will be used to solve the
system (1.6) on the domain y € [0, L] and s € (—o0, +00) associated with the Dirichlet
boundary-value data of u((s) and go(s). Note that with respect to the usual language in the
inverse scattering theory, s plays the role of the space variable and y the role of time.

The IST is considered in the space of functions vanishing sufficiently rapidly as s — =£o0.
We shall see that the evolution in y does not destroy the good properties of the spectral data
ensuring that u(y, s) and g(y, s) preserve their good behaviour at large s for any y, as usual
in the inverse scattering theory [16].

3.2. Lax pair

We consider a Lax pair of linear operators defining the mixed Schrodinger and Zakharov—
Shabat spectral problem

Qs HKQL — g1 = —iugy g2 = vy 33)
and the auxiliary spectral problem
Y1,y = —ik2<p1 +2ugp, ©2,y = ikzgoz + 2ive; ; — 2iv9, (3.4)

where £ is the spectral parameter and g, u and v are the potentials. The compatibility of these
two systems leads to the following y-evolution equations:

i i
qy = 4(uv), Euy +Ugy = qu — Evy + vgs = qU. 3.5)
This integrable nonlinear system reduces to our equation (1.6) for
v="u g €R. (3.6)

Solving the direct problem for the above Lax pair means using the spectral problem (3.3) to
define the spectral data as a set of three functions of the spectral parameter k. Then, the
auxiliary spectral problem (3.4) is used to obtain the dependence of these spectral data on the
variable y. Solving then the inverse problem results in the reconstruction of the potentials
q(y,s),u(y,s)and v(y, s), at fixed arbitrary value of y, from the spectral data.

In the following, when convenient, we shall use the vectorial notation

(¥
¢ = <¢2> (3.7)

for any solution of the spectral problems (3.3) and (3.4).
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3.3. Jost solutions

We define the following two sets of Jost solutions, namely

) s eik(sfs’) _ efik(sfs’)
et [ g

. 21k (3.8)
<,02i :/ ds/m,oli
Foo
and
+ [ ds’ etk + .o+ S ek + .o+
Vi —Aoo § m[q‘/ﬁ —1u1/f2]—fioods M[‘]wl _”“»”2] 39)

v =1+ / ds'vyri
+00
where the signs £ are in correspondence. Note that for u = 0 the Jost solutions in (3.8) reduce
to the traditional Jost solutions of the Schrodinger spectral problem.
These four Jost solutions ¢*, ¥ are not independent since the spectral problem (3.3) is
of third order and in fact the symmetry

Vv (k) = ¢ (—k) (3.10)

follows directly from the definition of .

The integral equations defining the Jost solutions ¢* can be studied using the same
method used in the case of the Schrodinger spectral problem. One can prove that for potentials
satisfying

+00 lg (s)]
/ ds(1+sD | Ju(s)] | < +00 @3.11)
o [v(s)]

the Jost solutions ¢*e*s (respectively ¢~ elt*) are bounded and analytic in the upper
(respectively lower) half complex plane of the spectral parameter k. The integral equation
defining ¥* requires unusual analysis, reported in the appendix. As a result for potentials
satisfying (3.11) ¥* is bounded and analytic in the upper half complex plane of k, once a
factorizing singularity 1/(k +10) is subtracted and possible poles.

3.4. Direct problem

As usual in the inverse scattering theory, we consider ¢ and 1+ as unique analytical functions
defined as ¢™ and 1" in the upper half plane and as ¢~ and ¥~ in the lower half plane and
we evaluate their discontinuity along the real k-axis. This is done by direct use of the defining
integral equations. In doing this it is convenient to use instead of ¢*(k, s) the eigenfunction
¢ (k, s) defined by the following integral equation,

: 1 s o
o7 (k,s) = ek + 7/ ds’ &%= _iup? + got
! 2itk +i0) J o [—iugs +q¢7]
1 +00 . -,
T2k +10) / ds'e 07 [iugs + q07] (3.12)

sk = [ asvpr

o0
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which has a slightly different kernel with respect to ¢*(k, s) and is simply related to it. In
fact, by simple comparison of (3.8) with (3.12) we obtain that

¢t (k,s) =

a+(/<)‘” (k, s) (3.13)

where the coefficient a*, usually called a Jost function, is

1 +00 . . . .
at(k)y=1- M/m dse™ [q()g] (k. s) —iu()¢3 (k. 5)].  (3.14)

The analytic properties of ¢* (k, s) imply that a*(k) is analytic in the upper half plane, where
it may possess isolated zeros, which for simplicity we suppose to be finite in number and
simple. Therefore ¢* may have simple poles at k = k; (j = 1,2, ..., N). Correspondingly,
we suppose that also the poles of ¥* are simple and N in number, and, precisely, located at
k = ’I;,- (j = 1,2,...,N). These poles are related, as we will see in the following, to the
presence of solitonic structures in the solution.

For notation coherence we rename ¢~ (k, s) as ¢~ (k, s). By use of the integral equations
defining the Jost solutions ¢ and 1 we obtain for their discontinuity across the real k-axis the
following coupled Riemann—Hilbert relations,

Ptk s) — ¢~ (k.s) =a* (k)Y (k. s) + B (k)™ (—k, 5) (3.15)
Yk, s) — Y (ks) =y (R (—k,s) — ¥y (—=k)p~ (k. 5) (3.16)
where
at(k) = / Oods v($)pEk, s) (3.17)
+00 e—iks ]
y k) = /_ N dsm[q@)wli(k, 5) — iu(s)yy (k. 5)] (3.18)
and
BE(k) = p*(k) — a™(k)y™ (k) (3.19)
with - e
e s .
pH(k) = [ N dsm[qmqsf(k, $) = iu($)¢y (k. )]. (3.20)

The coefficients o™, 8* and y* are the spectral data related to the continuous spectrum (k € R).
Their explicit expressions given above in terms of the Jost solutions and potentials solve the
direct spectral problem for the continuous spectrum. Note that, due to the factor 1/(k +i0), 8*
and y* are tempered distributions. For future convenience also the alternative, and of course
equivalent, set of spectral data o, 8~ and y~ were introduced. They can be obtained

analogously modifying the integral equation defining ¢~ and leaving unchanged that defining
+

o*.
Before turning to the discrete spectrum, it is worth remarking that these two sets of spectral
data determine the asymptotic behaviour of the Jost solutions at s = £00. Precisely, by direct
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use of the integral equations for ¢* and ¥+ and recalling the definitions (3.17), (3.18), (3.20),
(3.13) and (3.14) we obtain at s = +00

¢+(k ) N e—iks + p+ eik.v keR
,8) s—
" a* keR
b esyo i [© fin <0 (3.21)
,8) s—>+00 0 klm <0 .
N J/+ eiks k c R
+
and at s = —00
L_ g—iks kim > 0
R "
¢ ( )5 > ( 0 k[m > 0
~ a=(k)e ks — p=(k)elks keR
¢ (k,s)s—>—o0 ® ) (3.22)
—a~ (k) keR
Sk s) - —y~(—k)e ks keR
s §—>—00
(k) kim > 0.
where we introduced the Jost functions
+00
k) =1 —/ ds" v(s) Yy (k,s") (3.23)
—00

1 +0o0 . 3 . B
a (k)y=1+ 21(k——10) /;OO ds elks[q(s)(pl (k,s) —iu(s)ep, (k, s)] (3.24)

which are respectively analytic in the upper and lower half k plane with the exception of
possible poles for t*(k). The region in the complex k plane where the asymptotic value is
valid is explicitly indicated on the right.

To study then the discrete part of the spectrum we introduce the Wronskian of any three
solutions, say ¢, ¥ and &, of the spectral problem (3.3),

o1 Y &
W(@a W, g) = det Pl.s wl,s Sl,s . (325)
v Y2 &

One can check that this Wronskian is independent of s. Then, we consider the Wronskian
W (o (k), ¢~ (—=k), ¥*(k)) which can be evaluated at any s, in particular for s — oo, which
from (3.21) gives

W(g*(k), ¢~ (—k), ¥ (k) = 2ik. (3.26)

This Wronskian can also be evaluated by using the asymptotic behaviour of the Jost solutions
at s = —o0o. One gets

“(—k
W(@*(k), ¢~ (=k), " (k) = 2ikr* (k)2 ( )- (3.27)
a* (k)
Comparing with (3.26) we have
ey = L0 (3.28)
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showing that the poles of ¢* are related to the zeros of the Jost function a™ (—k). We suppose
that the zeros of a™ (—k) are simple and, then, k; # k; for any 7 and j.
From (3.26) at the pole k = k; of ¢* we have

R}fS{qf(k, )} =AY (k;,s)+ B¢~ (—kj, ). (3.29)

Now we consider the second component of this vectorial equality, insert in it the integral
equations defining the Jost solutions and compute the limit at s = +00 of both sides recalling
(3.21). Since the limit on the rhs is well defined for kp,, > 0, we obtain, on the one hand, that
the integral

= [ ds’v(s’)RISs{¢1+(k, s} (3.30)

[o¢]
is finite and, on the other hand, the following explicit expression of A; in terms of the Jost
solutions and of the potentials

Aj = c;. (3.31)
Analogously, using (3.22) we deduce taking the limit for s — —oo that the integral
+00
c; = / ds'v(s")p; (—kj, s") (3.32)
—00
is finite and
Bjc; = ATt (kj). (3.33)

Therefore, since from (3.28) t*(k;) = 0, we have B; = 0.
From (3.26) at the pole k = k; of ¥* we have

Res{y(0)) = 4;¢" (k) + B¢~ (k). (3.34)
Considering the second component of this equality at s = 400, thanks to (3.21), we get,
+00
Aj/ dsv(s)¢; (kj,s) =0 (3.35)
—00

and, excluding the case in which the integral equals zero and A ; would be left undetermined,
A; = 0. Then, from the asymptotic of the first components of (3.34) by (3.21) we deduce that
the integral

+ —ikjs
g = / “as 2:’ [9() Resyr (k. 5) — iu(s) Resvs3 (k. ) | (336)
S ik k=k; k=k;
is finite and
B; =3 (3.37)
Note that since ¥* (k) = ¥~ (—k) we have that ¥/~ (k) has poles at k = —’IEJ- and
Res {§/~ (k)} = —Res{y* (k). (3.38)
k=—%k; k=k;
We conclude that the two formulae
les{¢+(k, $)} = Ay (k. ) (3.39)
J
,E%f{‘“")} = B¢ (k) (3.40)

relating the residues at the poles of ¢* and ¥* to special values of ¥* and ¢~ together
with equations (3.31), (3.37) for the normalization coefficients A; and B ; and (3.17)—(3.20)
completely solve the direct problem furnishing continuous and discrete spectral data in terms
of Jost solutions and potentials.
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3.5. Inverse problem

Solving the inverse problem means to obtain the potentials u#, v and ¢ from the spectral data.
This is performed in two steps: first, by reconstructing the Jost solutions ¢* and ¥* and,
second, by using their relations with the potentials.

The large k asymptotic of the Jost solutions (obtained by successive integration by part of
their defining integral equations), the discontinuity relations (3.15) and (3.16) on the real k-axis
and the relations (3.39), (3.40) at the poles of ¢* and W¥*, constitute a complete Riemann—
Hilbert boundary-value problem. This problem is solved by the following coupled integral
equations written in their respective half planes (remember Im k; > 0 and Imk >0,

1 N AUtk ikjs
J

j=1
tom [ e O G B AN G
271 ) A —k+i0
N 5 ~ .
0 0k Bip (=k;) el
+ _ i J
=) 2
j=1 J
[ ou e s e — e G s e ] (342)
271 ) A —k—1i0 ’ ’ '
where
1k, s) = ¢ (k, s) e (3.43)
Note that in these equations, since ¥* (1) , 8% (1) and y* (1) contain a factor ATli()’ the product

1 1

of two distributions appears. In the first equation the product ;—— 5= is a well-defined

distribution regular at k = 0. In the second equation the product must be defined as
1 1

D, k) = lim i . . 3.44
(A4 821—13']*'0811—13-}-0)\,—]{—182)\.:]:181 ( )

where the limits are to be performed in the order indicated. We have

1 1 1
D, k) = li — = . . 3.45
*. %) Szl—tri()()\—k—lsz A:I:lO)k+182 (345)

which shows that D(A, k) is a well-defined tempered distribution in the two variables A and
k and that the reconstructed * has a factorizing singularity 1/(k + i0), as we stated in the
appendix, solving the direct problem.

The solution of the above closed system of integral equations (3.41), (3.42) furnishes the
potentials by extracting the leading k-orders, namely

q(s) = =217 V() v =—ipy; V) us) =iy P (s) (3.46)

where the upper index (£) stands for the coefficient of k¢ in the expansions at large k of the
Jost solutions.

3.6. y-dependence of the spectral data

In the previous section the spectral problem (3.3) has been used to build a bijection between the
set of potentials and the set of spectral data, hence furnishing the complete solution of direct
and inverse problems. We now need to find the y-dependence of the spectral data for potentials
evolving according to (3.5). Since the spectral data are defined via the Jost solutions we first
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derive the evolution equations in y of the Jost solutions or, equivalently, the y-dependence of
the coefficients of a linear combination of the Jost solutions satisfying both spectral problems
(3.3) and (3.4).

Because the Jost solutions have functionally independent behaviour at large s it is enough
to consider the forms

w1k, V)$=(k, v, 5) wr(k, Y =(k, v, s) (3.47)
and determine the evolution in y of w; and w,. By inserting them into (3.4) and by considering
the limit at large s, we easily obtain

w1y = —ik’o; wy = ik (3.48)
together with the following y-evolution of the spectral data and Jost functions:

of =2kt pf=0  yf=-2i%y"  a;=0. (3.49)
Hence, finally, the spectral data and Jost functions satisfy the following y-dependence:

otk y) =tk 0) ytkey) =YK, 0) (3.50)

Brk.y) =B (k.0)  a*(k.y)=a*(k.0). (3.51)
Returning to the Jost solutions, the above results show that ¢T are actually solutions of

by = 2upy by, = 20K7¢) + 2ivp | — 2iv,g; (3.52)
while the eigenfunctions ¥+ solve

Y, = =20y + 2uyy vy, = 20y — 2iny (3.53)

The y-dependences of the normalization coefficients A; and Ej are simply obtained by
substituting the relations (3.39), (3.40) into (3.52) and (3.53) and then by using them again for
¢~ (—k) and Y¥* (k). We have

A;(y) = A;(0) ek B;(y) = B;(0)e 20, (3.54)
This completes with (3.50), (3.51) the y-dependence of the spectral data.

3.7. Localized one-soliton solution

If the continuous spectrum vanishes, we obtain from (3.41) and (3.42) an algebraic system.
We consider, for simplicity, the case N = 1 in the reduced case ¢ € R, u = v. For a decaying
and regular soliton the spectral data must satisfy the characterization equations

%= —k, kire < 0 (3.55)
2k1B1(0) = —A;(0) (3.56)
and, then, the one-soliton solution is given by
= O o Ak (s + o) (3.57)
A% kiRe

— . .
u= Z,41(0) exp (—kiim(s +4kigey) — ikires — 2i(kige — kiim)¥) (3.58)
with

141 0) 2k 4k 3
T Sk exp(—2kim (s + 4kirey)). (3.59)
(&

1Im

The soliton written in (1.10), (1.11) is then obtained by defining kjge = —¢ and ki, = 7.
Moreover, we have scaled the phase i4;(0)/|A{(0)] to the value 1 in u(y, s), thanks to the
invariance of the system (1.6). When N solitons are present in the solution the characterization
equations (3.55), (3.56) extend to each soliton.

A=1
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4. Darboux and Bicklund transformations

We consider now the existence of pure soliton solutions non-vanishing at large s, which is
not a priori excluded. It is well known that the extension of the inverse scattering theory to
non-decaying potentials is a difficult task. Then we rather derive and apply the Darboux
transformations for the spectral problem (3.3). This is a well-stated technique [17] for
constructing Bicklund transformations and nonlinear superposition formulae. We shall then
derive explicit one-soliton and two-soliton solutions whose components # and v do not vanish
at large s.

We consider the principal spectral problem (3.3) with potentials u(s), g(s), v(s) and
eigenfunction ¢(k, s) and forget for a while the y-dependence. The Darboux transformation
can be obtained by constructing a gauge transformed ¢’ (k, s) of ¢ (k, s) that satisfies the same
spectral problem but with transformed potentials u’(s), ¢'(s), v'(s). The gauge transformation
can be conveniently written as

@) = an@r +ane: + Biers 4.1
@y = o101 + @20@r + Brr s (4.2)

where the coefficients «;; and f; are in general polynomials in k? and functions of s to be
determined. Here we consider the simplest case when they do not depend on k2. Then, by
using explicitly the principal spectral problem (3.3) both for ¢ and ¢’ and by identification of
the coefficients of ¢, ¢, and ¢, ; we obtain

X ny /7 X
o) = —iwl + o1 0y = —cx—fwl +Co,. (4.3)

where C is an arbitrary constant and the vector x satisfies the original spectral problem, with
k = h, h being an arbitrary constant,

Xiss #h2xi+iue —gxi =0 xa5=vx. (4.4)
The y-dependence is obtained by requiring that the function x obeys the auxiliary spectral
problem (3.4) written for k = h, namely

X1y = —ih>x1 +2uxs Xoy = ih?xo + 2ivy s — 2ivg X1 (4.5)
The transformed potentials are then given in terms of y by

, 1
qrzq_z()(l,s) u/=_|:_qu,s+uS:| UIZ—C£. (4.6)
X1 /s X1 X1

This constitutes the Darboux transformation: given a set of potentials ¢, # and v and two
arbitrary constants C and £, the solution y (s, y) of the linear systems (4.4), (4.5) furnishes
explicitly the new potentials, solution of (3.5), together with a corresponding eigenfunction.

Note that from (4.6) by eliminating via an integration the vector y, we obtain the so-called
Bécklund transformation (I = f * ds’ and d is a constant of integration)

/ 1 ’ 2 2i ’ 2
q+q—§[l(q —q)+d] +Euv—2h =0

Wv')y — (W'v' — uv)C =0 .7
20, —V[I(G —q)+d]+2Cv =0

relating the old potentials ¢, u and v to the new ones ¢’, u’ and v'.
It is worth remarking that for # = 0 the relation between ¢’ and ¢ is the Backlund
transformation for the Korteveg—de Vries equation [16].
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4.1. Non-localized one-soliton solution

The game consists in starting from a trivial solution ¢, u, v of the system (3.5) and, then, in
building via the Darboux transformation a new solution ¢’, u’, v’. A convenient choice here is

q=0 u=a v=>b 4.8)

where a and b are two complex constants.
First, we solve (4.4) and (4.5) for this choice. If w is a root of

w(@w* —h*) =ab 4.9)

a solution is given by

. ab b i ab
X1 = exp |:1w <s—a) ——2y>] X2 = — exp |:1w (s—a) ——zy):| (4.10)
10 iw 1)

and the general solution is a linear combination with constant coefficients of the three solutions
obtained considering the three roots of (4.9).

The parameters ab and h? and the linear combination have to be chosen in such a way
that new solution ¢’, u’, v’ is regular and satisfies the reduction #’ = v’. This analysis is more
easily done if ab and h? are parametrized as follows:

ab=H’+K> h?> =3HK. 4.11)
Then, the roots of equation (4.9) can be written as

wo=H+K wr=—YH+K)+iL(H - K). 4.12)
We fix ab and h? by choosing

H,K eR H#K (4.13)

and consider the special solution

. ab L o ab
X1 =expliw|s—wy— —y||+expliw|s —@y — =y
w W
b . ab b L - ab
X2=-—explio|s—wy— —Sy||+—=exp|iw|s—wy— =y
iw w iw @

where, thanks to (4.13),

w=w, =w_ wim # 0. (4.15)

Then it is straightforward to apply formulae (4.6) to obtain the new solution

(4.14)

/( ) —2(,()12m
q'(y,s) =
cosh?[@m (s — dwgey)]
’ a .
u(y,s) = _E{lee + Wiy tanh[wim (s — 4wgrey) ]} (4.16)

C
V'(y,s) = 2wre —{—iwRe + O tanh[wim (s — 4wgey) 1}
a

where we used
ab = —2wge|w|? 4.17)
which is valid for this special choice of H and K.
If we now demand v’ = u’, we get

2
e = ‘3 . (4.18)
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Since u’ is defined up to a constant phase, without loss of generality we can choose the
parameter a/ C to be real and, finally, we end up in the following one-soliton solution of (1.6),

—2w?
"(y,8) = Im 4.19
¢0.5) cosh? [wim (s — 4wrey)] @19
u'(y,s) = =/ —2wge {iwre + O tanh [, (s — 4wgrey)]} (4.20)

with w a free complex parameter with wge < 0. Expressions (1.12) and (1.13) are recovered
for wge = —¢ and wy,, = 1. This soliton propagates to the right and has in g the same profile
as the KdV soliton, while u has a kink-like shape.

4.2. Nonlinear superposition

An interesting property of integrable systems is the existence of a nonlinear superposition
principle, known also as the Bianchi theorem of permutability, which is quite a useful tool for
obtaining new explicit solutions by superimposing known solutions.

The nonlinear superposition formula can be obtained by using the gauge transformation
(4.3) rewritten in terms of the old and new transformed solutions. We compose two gauges
G and G, and impose that they commute, namely that

0 2 o Gy
G G (4.21)
2 ) 1 /

p — 97 — 9.
Writing down explicitly that the vector ¢’ is obtained indifferently following one path or the
other and remembering that the elements ¢, d;¢; and ¢, are linearly independent, after some

algebra we eventually obtain the following nonlinear superposition formula:

, Uiy Ul — UU| 5
u +

- u C1Lt1 — C2M2
Vv Civy — Chu
v = L2 o2 2L 4.22)
v VUl,sV2 — U25V]
q' = qi+q2—q+20; log L
s C]ul — C2M2 ’

The following alternative formula for v may be useful:
o =y 2= GV (4.23)
Ciuy — Couz
Formula (4.22) furnishes, by a set of purely algebraic steps, an explicit new solution u’, v’, ¢’
from three given solutions, i.e. u, v, g and its Béacklund transformed solutions u, vy, q;
and u», vy, ¢, obtained by the Darboux transformation (4.6) with parameters C; and C»,
respectively.

4.3. Non-localized two-soliton solution

Starting from the trivial solution (4.8) one can construct two one-soliton solutions with different
parameters and, then, superimpose them with the above expression (4.22) to get a two-soliton
solution. However, this method does not work in the reduced case, since the superposition
formula does not preserve the reduction property nor the regularity of the solution. The
difficult task is to choose the intermediate solutions u, vy, ¢; and u,, vz, g, in such a way that
the final solution u’, v’, ¢’ is regular and satisfies the reduction requirement u’ = v’.
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It is convenient, first, to rewrite the superposition formula in terms of the eigenfunctions
x D and x @ of the spectral problems (4.4) and (4.5) with potentials ¢ = 0, u = a, v = b and
spectral parameters 4" and h®, respectively. We have from (4.6)

X(l) X(Z)

1,s 1,s

q1 = _233 (T;) qr = _283 (T;)
X1 X1

a X a X
= ——= 0 =——=1 (4.24)
Cix, Gy,
(1) (2)
v =—C % vy = —Cz—X2

Inserting these expressions into the superposition formula (4.22), after some algebra, we obtain

@2 2) @
q/:_zas |:Xl,mxl _Xl,sle i|

@ 2) M
Xis X1 — Xis X1

n @ 2 M
/ a Xl,ssXI,s - Xl,ssXI,s

= D2 2)
GG Vx? = xxt”

H_@ 2)_
K2~

[ONI®) 2,0
Xis X1 — Xis X1
We choose two couples of real parameters H, KW (H® £ KWyand H® K@ (H?®

K @) such that

(4.25)

u

U/ = C1C2

HO 4 g0 = g@° 4 k@ (4.26)
and define
oV = —LHD + kD) £iBHD - kD) (=12). 4.27)

Then, we consider (j = 1, 2)
0 _ eiY”’ [aij) e—X‘f’ +a£j) eXU’]

X1
0 _ it (f)L X0, (j)L ) (4.28)
X = ) 2 0
with
XD = (s — doiy) (4.29)
Yy — 0)1(1]25 +]oP 2y (4.30)

and ai(j ) arbitrary constants to be chosen. These vector functions x " and x® satisfy the
spectral problems (4.4) and (4.5) with potentials ¢ = 0, u = a, v = b and spectral parameters
h™D and h®, respectively, when ab and 2" and 1® are chosen as follows:

ab=HY + KV = g’ L k@’ (4.31)

hD? —Z 3OO h? _ 3@ (4.32)

Therefore, by inserting the x /) defined in (4.28) into (4.25) we get a new solution of (3.5).
We take advantage of the freedom in the choice of the constants afj ’ in order to get a regular
solution.
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In fact by taking
ol = \/@a) _aM@P —0®) o = \/(wU) — @) (D — 5D
o® = \/@m — ) (D — 5®) o = \/(w(l) — @)@ — @)

we obtain the regular solution

/ M(y,s)
— 23, 433
q “Diy.s) (4.33)
u =t M9 (4.34)
2C1C2 D(y, S)

. bCiC NGy
== 435
T T 200M0®P Dy, 5) (439

where

M(y,s) = oV — 0®Im(@?® + ©?) sinh(XD + X?)

+lo" — 2@ Im(@® + &@?) sinh(X" — X@) (4.36)
N, $) = lo® — 0?|(@"a® XX (1), @ e‘X(”‘X(”)

+lo® — @)@V w?® XX 4 og® e XX (4.37)
D(y,s) = |0V — ©?|cosh(XV + XP) + |0V — 5P| cosh(XV — x@). (4.38)
This solution satisfies the constraint #’ = v’ if

|C¢2F§=4d“daﬁ (4.39)
or, equivalently, recalling (4.17), if
o

- 2% (4.40)

a
CiCy

In conclusion, taking into account that " and v" are defined up to a constant phase, the
two-soliton solution is given by

M )
g = —28, D((; j)) (4.41)

(1)
1y =ord Ny,
W= L YOk NG 5) (4.42)
73 [o®] Diy.s)

for any choice of the two complex parameters »") and »® satisfying the constraints

wp o = ol 0@ (4.43)
of) <0 o £0 (j=12). (4.44)

Note that ¢’ vanishes at large s, while 1’ goes to a constant.
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Appendix

We study properties of the Jost solution ¥ * defined by the coupled system of integral equations
in (3.9) for potentials ¢, u and v satisfying (3.11).
Inserting /5 from the second equations into the first one of (3.9) we have

K /eik(s—s/) -1 L +00 B .
C(k) + ds'——— | q¥| +iu ds" vy,

Y= ;U(s,k)+

k +i0 k +i0 . 2ik
+00 —ik(s—s") __ 1 +00
+/ s~ me/ ds" vyt (A1)
i 2ik ! ! :
where
1 [ oo 1 [+ oo
U(s, k) = —— / ds'e 6=y (s") — = / ds’ e K=y (5" (A.2)
2/ 2/,

1 +00 +00
Cly{]tk) = Z/ ds’ [q(s’)wf(s’) +iu(s’) // ds”v(s”)t/ff“(s”):|

_ % / © s |:q(s’)+iv(s’) / ' ds”u(s”)] Vs k). (A3)

Note that for potentials ¢, u and v satisfying (3.11), U (s, k) is bounded, |U (s, k)| < M, and
analytical in upper half plane of £, C[v/](k) is a linear functional of v (k, s) independent of s
and bounded in the domain of the k plane where i is bounded.

If we introduce ® and W defined by the following integral equations,

s ik(s—s") __ 1 +00
d=U(s, k) +/ ds’ei |:qd>+iu/ ds”vCD]

oo 2ik
+00 e—ik(s—s’) -1 +00
+/ ds' ————— qd>+iu/ ds"vd (A.4)
s 2ik s
s eik(s—s’) —1 +00
\IJ=1+/ ds’%[q\ll+iu/ ds”v\IJi|
oo 2ik 5
+00 —ik(s—s") __ +00
,€ 1 . ”
+/ ds' ——— q\I/+1u/ ds"vWw (A.S5)
s 2ik s
then
1
vy (@ +Clyf])w). (A.6)

I~ k+i0)
If we prove that ® (s, k) and W(s, k) are bounded and analytical in the upper half plane
of k, since

ClD](k
il = ot A7)
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we deduce that C [1//1+ ](k) is analytical in the upper half plane with poles at the zeros of
k — C[W](k) and bounded, once the poles are subtracted. We conclude from (A.6) that
¥y (s, k) is analytical in the upper half plane of k with a factorizing singular behaviour 1/ +10
at k = 0 and possible poles and, once the poles and the origin are subtracted, bounded in s
and k.

The only property of U (s, k) that we will use in the following is that U (s, k) is analytical
in the upper half plane of £ and bounded in k and s. Therefore, it is enough to consider (A.4)
since the integral equation (A.5) can be considered a special case with U (s, k) = 1, which is
trivially bounded and analytical.

Exchanging the order of the integrals in (A.4) we get

(3 -3
j=1 j=—1
where the ®; are solutions of the integral equations
U ’ k ’ ’ .
Di(s, k) = (s )+/ds Ki(s,s' . k)®;(s", k) (j = =£1,+2,4£3) (A9)
with kernel
) e:i:ik(s—s’) -1
Kii(s,s', k) =0(£(s — s ))q(s’)T (A.10)
s’ e:l:ik(s—s”) -1
Kir(s,s' k) =0(£(s — s'))v(s’)f ds” —————u(s") (A.11)
=0 2k
s e:l:ik(sfx”) -1
Ki3(s,s' k) = £0(s" — s)v(s)) ds” ———u(s"). (A.12)
Foo 2k

All the equations (A.9) are solved by a series
+00
D;(s, k) =Y " (s, k) (A.13)
n=0
constructed through the recursion relation
0"V (s, k) = U(s. k) +/ds’Kj(s,s’,k)q>§">(s/,k) V(s k) =U(s. k). (A.14)

‘We obtain a majorant 5;") of ‘ CI>§") ‘ by considering the corresponding term of a series expansion
of the solution of the integral equation

(s, k) =1 +f \ds'[k (s, 8", K)®; (s', k) (A.15)

where/lgj (s, s, k) is a convenient majorant of K (s, s’, k), i.e.
K (s, 8" )| <Kj(s. 8, ). (A.16)

If the series Y, 6;") is uniformly convergent for ky,, > 0, then each iterated term Cb(].") is

absolutely bounded by the nth term of a uniformly convergent series and since the <I>}") are
analytical for ky;, > 0 and continuous as k,, — 0, we conclude that ® (s, k) is an analytical
function of k for ki, > 0, continuous as ky;, — 0 and bounded if $(s, k) is bounded.

We must, therefore, construct the kernels % j(s,8', k) for each of the above
equations (A.15). We follow a procedure analogous to that exposed in [18].
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Recalling that
sin Z elmZ|
< A.17
Z Y (A-17)
for an appropriate constant y and that
0<x—y<<I(—x)I(y) for I(x)=1+|x]|0(—x) (A.18)
we have for s — s’ > 0 and kg, > 0
+ik(s—s") _ 1 2
© : <y {H (A.19)
2ik I(F$)I(Ls).
Therefore, the majorant kernels are of the form
/I;ij(s, s' k) =0(£(s — s"))awj (s, k) B+ (s) j=12 (A.20)
as(s, ', k) = 05" — $)aas (s, k) Bas(s) (A21)
with two possible choices of «; and 8;, i.e.
oti(s, k) =y I(Fs) Bei(s") = 1(£s")g(s")]
oia(s, k) = y I (Fs) Bia(s") = £v(s")] drl (£0)|u(®)]
Foo
aus(s, k) = £y 1(Fs) [L dtl (&0 u ()] B3(s") = [v(s)]
(A.22)
or
2y : /
Olil(S,k)=m Bx1(s") = |q(s")]
2)/ , , s/
oo (s, k) = I Bra(s') = £lv(s"] [, drlu(®)] (A.23)
2y [° : :
ot3(s, k) = £ — drlu(r)] Bx3(s) = |v(s)].
k| Jzo0
Then, the integral equations (A.15) are of the form
+o0
Fi(s) =1 :I:/ ds’a(s)B(s") Fi(s)). (A.24)
Their solution is given by
+0o0
Fi(s) =) F{(s) (A.25)
n=0
where
+o0
F(s) = / ds'a(s)B(s ) FI (s FO) = 1. (A.26)
By induction one can prove that
+o00 s’ "
n F{ Y (s) = a(s) / ds'B(s" / dta (1) (1) (A.27)

and, therefore,

+o00 s’
Fi(s) =1+ (x(s)/ ds’B(s") exp |::|:/ dta(t)ﬂ(t):| . (A.28)
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If
+00 +00
f dta(t)B(t) < +o00 / dr B(t) < +o0 (A.29)
—00 —00
then the F, (s) are defined by a uniformly convergent series. In addition, we have
+00 +oo
Fi(s)— 1< Co:(s)/ ds’B(s") with C = exp/ dra(t)B(2). (A.30)

The conditions in (A.29) are satisfied for all integral equations if the potentials ¢, u and v
satisfy (3.11).

Therefore, we conclude that the ®; (s, k) and W;(s, k) (i = 1,2, ..., 6) are analytical in
the upper half plane of k. Moreover, since the majorant integral equations satisfy (A.30) with
o and B as in (A.22) and (A.23), the ®; (s, k) and ¥; (s, k) are also bounded in s and k.
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